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results for both Z-cyclic whist tournaments and Z-cyclic triplewhist tournaments are extended.
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1. Introduction
A whist tournament Wh(v) for v=4n (or 4n+1) is a schedule of games (a; b; c; d),
where the unordered pairs {a; c}; {b; d} are called partners, the pairs {a; b}; {c; d}
opponents of the 0rst kind, and the pairs {a; d}; {b; c} opponents of the second kind,
such that
(1) the games are arranged into 4n− 1 (or 4n+ 1) rounds, each of n games;
(2) each player plays in exactly one game in each round (or all rounds but one);
(3) each player partners every other player exactly once;
(4) each player opposes every other player exactly twice.
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The Wh(v) is called a triplewhist tournament TWh(v), if Condition (4) is replaced
by the condition
(4′) each player has every other player as an opponent of the Crst kind exactly once,
and that of the second kind exactly once.
The whist tournament problem was introduced by Moore [25]. Its existence attracted
a lot of researchers such as Wilson, Baker, Hartman et al. A complete solution is given
in [3,7]. For the existence of triplewhist tournaments, we have the following known
result.
Theorem 1.1 (Ge and Lam [18], Ge and Zhu [20] and Lu and Zhu [23]). A TWh(v)
exists if and only if v ≡ 0 or 1 (mod 4) is a positive integer, except for v = 5; 9; 12
and possibly excepting v∈{13; 17; 57; 65; 69; 77; 85; 93; 117; 129; 153}.
A Wh(4n+ 1) is Z-cyclic if the players are the elements of Z4n+1 and round j + 1
is obtained from round j by adding 1 (mod 4n + 1) to each element. A Wh(4n) is
Z-cyclic if the players are the elements of Z4n−1 ∪ {∞} and the rounds are similarly
cyclically generated (∞ + 1 =∞). Thus a Z-cyclic Wh(4n) is a 1-rotational design.
By convention, in a Z-cyclic Wh(4n+ 1), 0 is missing from the initial round.
However, the existence problem for Z-cyclic Wh and Z-cyclic TWh is more diHcult
and the known results are much less complete despite the eIort of many authors, for
example, Anderson and Finizio [4], Anderson et al. [5], Buratti [9,10], Finizio [12–14],
Finizio and Merritt [15–17], Liaw [22], Ge and Lam [18], and Ge and Zhu [20]. The
following results are known.
Theorem 1.2 (Anderson [2], Attinger and Leonard [6], Ge and Lam [18] and Ge and
Zhu [20]). There exists a Z-cyclic TWh(v) for v=4; 8; 21; 25; 33; 45; 49; 133; 112; 192; 232
and v= 4t; 46 t6 14.
Theorem 1.3 (Finizio [14] and Ge and Zhu [20]). There exists a Z-cyclic TWh(3v +
1) if v is a product of integers from the set R; R =P ∪ Q ∪ {21; 77; 133; 161; 781},
where P consists of all primes congruent to 1 (mod 4) and Q consists of all prime
powers q2 such that 3¡q¡ 500 and q is a prime ≡ 3 (mod 4).
Theorem 1.4 (Finizio [14]). There exists a Z-cyclic Wh(27v + 1) if v is a product
of integers from the set R (the same set as in Theorem 1.3).
Theorem 1.5 (Ge and Lam [18] and Ge and Zhu [20]). There exists a Z-cyclic
TWh(v) whenever v is a product of integers from the set R∗, where R∗ contains 21; 25;
33; 45; 133; 72; 112; 192; 232 and all primes ≡ 1 (mod 4)¿ 17. If v does contain 21, 33
or 45 as a factor, then v can contain any integer from R (the same set as in Theorem
1.3) as its factor too. If there exists a Z-cyclic TWh(v) constructed as above, then
there is also a Z-cyclic TWh(qv+1) for any q∈{7; 15; 19; 23; 31; 35; 39; 43; 47; 51; 55}.
In this paper, a new construction for Z-cyclic whist tournaments is given. Due to
the generality of the construction, it is obvious that this new method can be adapted to
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Ct other design problems besides the whist designs. Combining product constructions
[5] and frame constructions [20], the known existence results for both Z-cyclic whist
tournaments and Z-cyclic triplewhist tournaments are extended.
2. A new construction
To show our new construction, we need the following concepts. For more detailed
information on some of these related combinatorial structures, the reader is referred to
[3,8].
Suppose S is a set of players and H = {S1; S2; : : : ; Sn} is a collection of subsets
which form a partition of S. Let si = |Si| and v = |S|. Suppose v − si ≡ 0 (mod 4)
for each i; 16 i6 n. A holey round with hole Si is a set of games (a; b; c; d) which
partition the set S − Si. A tournament frame (brieKy Wh-frame) of type (s1; s2; : : : ; sn)
is a schedule of games (a; b; c; d), where the unordered pairs {a; c}; {b; d} are called
partners, the pairs {a; b}; {c; d} opponents of the Crst kind, and the pairs {a; d}; {b; c}
opponents of the second kind, such that
(1) the games are arranged into holey rounds, there are si holey rounds with hole
Si each containing (v− si)=4 games;
(2) each player in hole Si plays in exactly one game in all but si holey rounds;
(3) any two players in diIerent holes partner each other exactly once;
(4) any two players in diIerent holes oppose each other exactly twice.
The Wh-frame is called a triplewhist tournament frame (brieKy TWh-frame), if Con-
dition (4) is replaced by the condition;
(4′) any two players in diIerent holes are opponents of the Crst kind exactly once
and opponents of the second kind exactly once.
We shall use an “exponential” notation to describe types: so type tu11 · · · tumm denotes
ui occurrences of ti; 16 i6m, in the multiset {s1; s2; : : : ; sn}. If s1 = · · ·= sn = s, we
say that the Wh-frame has a uniform type sn and we denote it by Wh-frame(sn). For
v ≡ 1 (mod 4), a Wh-frame of type 1v is just a whist tournament of order v.
Suppose S=Zv; v=hn and Zv has a subgroup H of order h. Suppose a Wh-frame(hn)
has a special round (called round 0), whose elements form a partition of the set S−H ,
such that round j+1 can be obtained from round j by adding 1 (mod v) to each element.
Such a Wh-frame is called Z-cyclic. The round 0 is called an initial round.
Z-cyclic Wh-frames have been instrumental in the construction of Z-cyclic Wh(v)
[14,20]. The following result on Z-cyclic TWh-frames established by [20] and improved
by Abel et al. [1] is very useful.
Theorem 2.1. There exists a Z-cyclic TWh-frame(3w) if w is a product of integers
from set R; R = P ∪ Q ∪ {21; 77; 133; 161; 301; 341; 581; 721; 781; 1141}, where P
consists of all primes ≡ 1 (mod 4) and Q consists of all prime powers q2 such that
3¡q¡ 500 and q is a prime ≡ 3 (mod 4).
Given positive integers n and h, let In = {1; 2; : : : ; n} and S = In × Zh. The el-
ements of S are denoted by (a; b). Suppose a Wh-frame(hn) has n special rounds
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R1; Rh+1; : : : ; R(n−1)h+1, whose elements form a partition of the sets S \ ({1} × Zh); S \
({2}× Zh); : : : ; S \ ({n}× Zh), respectively, such that round ih+ j+1 can be obtained
from round ih + j by adding 1 (mod h) to the second component of each element,
where i∈{0; 1; : : : ; n − 1} and j∈{1; 2; : : : ; n − 1}. Such a Wh-frame is called group
cyclic. The rounds R1; Rh+1; : : : ; R(n−1)h+1 are called initial rounds. It is easy to see that
a Z-cyclic Wh-frame is also a group cyclic Wh-frame.
A group divisible design (GDD) is a triple (X;G;B) which satisCes the following
properties:
1. G is a partition of a set X (of points) into subsets called groups,
2. B is a set of subsets of X (called blocks) such that a group and a block contain at
most one common point,
3. every pair of points from distinct groups occurs in a unique block.
The group-type (or type) of the GDD is the multiset {|G| :G ∈G}. Similar to
Wh-frames, we usually use an “exponential” notation to describe group-type. A GDD
(X;G;B) will be referred to as a K-GDD if |B| ∈K for every block B in B. When
K={k}, we simply write k for K . A pairwise balanced design (PBD) with parameters
(v; K; 1) is just a K-GDD of type 1v and a balanced incomplete block design (BIBD)
with parameters (v; k; 1) is just a k-GDD of type 1v.
Consider a GDD (X;G;B). Let ! be a permutation on X . For any subset S =
{x1; : : : ; xk} ⊆ X , deCne !(S) = {!(x1); : : : ; !(xk)}. If !(G) = {!(G) :G ∈G}=G and
!(B) = {!(B) :B∈B}= B, then ! is called an automorphism of the GDD. Any auto-
morphism ! partitions B into equivalence classes called the orbits of B under !. An
arbitrary set of representatives for these orbits of B is called base blocks of the GDD.
A GDD is said to be cyclic if it admits an automorphism consisting of a single cycle
of length v= |X |. In this case, we can identify X with Zv and take ! : i → i+1 (mod v).
We use notation K-CGDD to denote a cyclic GDD in which each of its block orbits
under the automorphism contains exactly v distinct blocks.
Construction 2.2. Suppose that there exists a K-CGDD of type gn. If there ex-
ists a group cyclic Wh-frame(hk) for each k ∈K , then there exists a Z-cyclic Wh-
frame((hg)n).
Proof. Let F be the family of base blocks of the K-CGDD and B={b1; b2; : : : ; bk} be
a base block of F. By assumption, we have a group cyclic Wh-frame(hk) on B × Zh
with initial rounds Rb1 (B); Rb2 (B); : : : ; Rbk (B), whose elements form a partition of the
sets (B\{b1})×Zh; (B\{b2})×Zh; : : : ; (B\{bk})×Zh, respectively. Now, we construct
a family Abi(B) of starter games by replacing each element (bx; y) of all the games
of initial round Rbi(B) by (bx − bi) + ygn (mod hgn), where bi; bx ∈B and y∈Zh. As
B ranges over F and bi ranges over B, we obtain a family A= ∪B∈F; bi∈BAbi(B) of
starter games. It is readily checked that A is an initial round of the desired Z-cyclic
Wh-frame((hg)n), noting that every nonzero integer z of Zhgn \{0; n; : : : ; (hg−1)n} can
be written as z = q · gn+ r such that 06 q6 h− 1 and 16 r6 gn− 1.
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Since a Z-cyclic Wh-frame(hk) is also a group cyclic Wh-frame(hk), we have the
following corollary.
Corollary 2.3. Suppose that there exists a K-CGDD of type gn. If there exists a
Z-cyclic Wh-frame(hk) for each k ∈K , then there exists a Z-cyclic Wh-frame((hg)n).
Remark. If the input group cyclic or Z-cyclic Wh-frames in the above constructions
are replaced by group cyclic or Z-cyclic TWh-frames (DWh-frames, OWh-frames), we
can obtain the Z-cyclic TWh-frame (DWh-frame, OWh-frame) accordingly.
Lemma 2.4. There exists a Z-cyclic TWh-frame(381).
Proof. From [19, Lemma 3.4], we have a CBIBD(81,5,1), which is also a 5-CGDD of
type 181. From Theorem 2.1, we have a Z-cyclic TWh-frame(35). Applying Corollary
2.3 gives the desired Z-cyclic TWh-frame(381).
3. Updating Theorems 1.3–1.5
In this section, we shall employ recursive constructions and the new Z-cyclic TWh-
frame(381) obtained in the last section to update the results shown in Theorems 1.3–1.5.
First,we need the following deCnition of a special kind of (cyclic) diIerence matrices.
For detailed information, see [11].
Let G be an abelian group of order v. A diIerence matrix based on G, denoted
(v; k; 1)-DM, is a k × v matrix A= [aij]; aij in G, such that for r = s the diIerences
arj−asj; 16 j6 v, comprise all the elements of G. If G=Zv, the diIerence matrix is
called cyclic and denoted by (v; k; 1)-CDM. If the elements of each row comprise all
the elements of Zv, we speak of a homogeneous (v; k; 1)-CDM. It is easy to see that
if a (v; k; 1)-CDM contains a row with all elements 0, then the remaining rows form
a homogeneous (v; k − 1; 1)-CDM and vice versa.
Lemma 3.1. The existence of a (v; k +1; 1)-CDM is equivalent to the existence of a
homogeneous (v; k; 1)-CDM.
The following result is due to Jimbo and Kuriki [21].
Lemma 3.2. If both a CBIBD(v; k; 1) with v ≡ 1 (mod k(k − 1)) and a TD(n + 1; k)
exist, then there exists a (v; n; 1)-CDM.
Lemma 3.3. A homogeneous (v; 4; 1)-CDM exists for any integer v, (v; 6) = 1 or
v∈{15; 21; 33; 39; 51; 81}.
Proof. For v=39, the required homogeneous (v; 4; 1)-CDM comes from [24]. For v=81,
applying Lemma 3.2 with a CBIBD(81,5,1) and a TD(6,5) gives a (81,5;1)-CDM,
which is also a homogeneous (81,4; 1)-CDM by Lemma 3.1. For other values of v,
the required designs come from [5].
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The following constructions on Z-cyclic TWhs and Z-cyclic TWh-frames are stated
in [20]. They are also applicable to Z-cyclic Whs and Z-cyclic Wh-frames.
Construction 3.4. (InKating by cyclic diIerence matrix). Suppose there exists a
Z-cyclic TWh-frame(hn). If there is also a homogeneous (v; 4; 1)-CDM, then there
exists a Z-cyclic TWh-frame((vh)n).
Construction 3.5. (Breaking up groups). Suppose there are Z-cyclic TWh-frame(h(v=h))
and Z-cyclic TWh-frame(t(h=t)). Then there exists a Z-cyclic TWh-frame(t(v=t)).
Construction 3.6. (Frame Construction 1). Suppose there are Z-cyclic TWh-frame(hn)
and Z-cyclic TWh(h) for h ≡ 1 (mod 4). Then there exists a Z-cyclic TWh(hn).
Construction 3.7. (Frame Construction 2). Suppose there are Z-cyclic TWh-frame(hn)
and Z-cyclic TWh(h+1) for h ≡ 3 (mod 4). Then there exists a Z-cyclic TWh(hn+1).
The following two product theorems come from Theorems 3.2 and 3.3 of [5] re-
spectively.
Theorem 3.8. If u and v are both ≡ 1 (mod 4), then the existence of a Z-cyclic
TWh(u) and a Z-cyclic TWh(v) implies the existence of a Z-cyclic TWh(uv).
Theorem 3.9. Suppose there exists a Z-cyclic TWh(v) for v ≡ 1 (mod 4). Suppose
there exist also a Z-cyclic TWh(q + 1) and a homogeneous (q; 4; 1)-CDM for q ≡
3 (mod 4). Then there exists a Z-cyclic TWh(qv+ 1).
Theorem 3.10. There exists a Z-cyclic TWh-frame(3w) if w is a product of integers
from set T; T=P∪Q∪ {21; 77; 81; 133; 161; 301; 341; 581; 721; 781; 1141}, where P
consists of all primes ≡ 1 (mod 4) and Q consists of all prime powers q2 such that
3¡q¡ 500 and q is a prime ≡ 3 (mod 4).
Proof. Applying Constructions 3.4 and 3.5 recursively with a homogeneous (81, 4;1)-
CDM coming from Lemma 3.3 and Z-cyclic TWh-frames coming from Theorem 2.1
and Lemma 2.4 gives the desired designs.
Theorem 3.11. There exists a Z-cyclic Wh-frame(3w) if w is a product of integers
from set W; W=P ∪Q ∪ {9; 21; 77; 133; 161; 301; 341; 581; 721; 781; 1141}, where P
consists of all primes ≡ 1 (mod 4) and Q consists of all prime powers q2 such that
3¡q¡ 500 and q is a prime ≡ 3 (mod 4).
Proof. A Z-cyclic Wh-frame(39) was recently constructed by Finizio [14]. Starting
from this frame and applying Constructions 3.4 and 3.5 with Z-cyclic Wh-frames com-
ing from Theorem 3.10 recursively gives the desired designs.
We are in a position to state our main results on Z-cyclic Whs and Z-cyclic TWhs.
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Theorem 3.12. There exists a Z-cyclic TWh(3v+1) if v is a product of integers from
the set T; T = P ∪ Q ∪ {21; 77; 81; 133; 161; 301; 341; 581; 721; 781; 1141}, where P
consists of all primes congruent to 1 (mod 4) and Q consists of all prime powers q2
such that 3¡q¡ 500 and q is a prime ≡ 3 (mod 4).
Proof. Start with the Z-cyclic TWh-frame(3v) from Theorem 3.10 and apply Construc-
tion 3.7 with h= 3. This gives the desired Z-cyclic TWh(3v+ 1).
Theorem 3.13. There exists a Z-cyclic Wh(3v+1) if v is a product of integers from
the set W; W = P ∪ Q ∪ {9; 21; 77; 133; 161; 301; 341; 581; 721; 781; 1141}, where P
consists of all primes congruent to 1 (mod 4) and Q consists of all prime powers q2
such that 3¡q¡ 500 and q is a prime ≡ 3 (mod 4).
Proof. Start with the Z-cyclic Wh-frame(3v) from Theorem 3.11 and apply Construc-
tion 3.7 with h= 3. This gives the desired Z-cyclic Wh(3v+ 1).
Theorem 3.14. There exists a Z-cyclic TWh(v) whenever v is a product of integers
from the set T∗, where T∗ contains 21; 25; 33; 45; 133; 72; 112; 192; 232 and all primes
≡ 1 (mod 4)¿ 17. If v does contain 21, 33 or 45 as a factor, then v can contain any
integer from T (the same set as in Theorem 3.12) as its factor too. If there exists
a Z-cyclic TWh(v) constructed as above, then there is also a Z-cyclic TWh(qv + 1)
for any q∈{7; 15; 19; 23; 31; 35; 39; 43; 47; 51; 55}.
Proof. The Crst assertion comes from Theorem 1.5.
To prove the second assertion, we start with the Z-cyclic TWh-frame(3w) from The-
orem 3.10, where w is the largest factor of v which does not contain 21; 33; 45 as
its factor. InKate it with a homogeneous (q; 4; 1)-CDM for q∈{7; 11; 15} to obtain a
Z-cyclic TWh-frame((3q)w). This gives a Z-cyclic TWh(3qw) by Construction 3.6 and
takes care of the case when 3q appears as a factor of v exactly once. If 3q appears
as a factor of v more than once, the assertion comes from the product construction of
Theorem 3.8.
To prove the third assertion, we start with a Z-cyclic TWh(v) constructed as above.
Since a homogeneous (q; 4; 1)-CDM exists from Lemma 3.3 and a Z-cyclic TWh(q+1)
exists from Theorem 1.2, we may apply the product construction of Theorem 3.9 to
obtain a Z-cyclic TWh(qv+ 1).
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